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Abstract 

This paper builds a model to deal with dynamic interdependence between 
different countriesÕ birth rates, mortality rates, populations, wealth accumulation, 
and time distributions between working, leisure and children caring. The model 
shows the role of human capital, technological and preference changes on national 
differences in birth rates, mortality rates, time distributions, population change, and 
wealth accumulation. The economic mechanisms of wealth accumulation, 
production and trade are based the Solow growth model and the Oniki-Uzawa trade 
model. We use the utility function proposed by Zhang to describe the behavior of 
households. We model national and gender differences in human capital, propensity 
to have children, propensity to use leisure time, and children caring efficiency. We 
describe the dynamics of global economic growth, trade patterns, national differences 
in wealth, income, birth rates, mortality rates, and populations with differential 
equations. We simulate the model to show the motion of the system and identify the 
existence of equilibrium point. We also examine the effects of changes in the 
propensity to have children, the propensity to save, womanÕs propensity to use leisure, 
womanÕs human capital, and womanÕs emotional involvement in children caring on 
the dynamics of the global and national economies.  
 
Keywords: propensity to have children; birth rate; mortality rate; population 
growth; gender; international trade; time distribution; wealth accumulation 
JEL classification: O47, O57 
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1 INTRODUCTION  
This study deals with global dynamic interdependence between economic 

growth, population growth, and inequalities in income and wealth in a multi-country 
model with free markets and free trade. It  builds a trade model with endogenous 
wealth, endogenous birth and mortality rates, population dynamics, time distributions 
between leisure, work and children caring under perfectly competitive markets and free 
trade. The model is built on the basis of the Solow neoclassical growth model, the 
Oniki-Uzawa trade model, and some neoclassical growth models with endogenous 
population. We integrate these approaches by applying the utility function proposed in 
a unique manner by Zhang to determine saving and consumption. 

This study is concerned with global economic dynamics with multiple 
countries. As far as a countryÕs economy is concerned, this paper is strongly 
influenced by the Solow model (Solow, 1956; Burmeister and Dobell, 1970; 
Azariadis, 1993; Barro and Sala-i-Martin, 1995). The model of this study is built 
within the framework of neoclassical growth theory. We follow the Solow model in 
modeling economic production and wealth accumulation. Nevertheless, we analyze 
household behavior by the approach proposed by Zhang (1993). With regards to 
capital mobility and trade, our model is based on the neoclassical growth trade model. 
According to Findlay (1984), almost all the trade models developed before the 1960s 
are static in the sense that the supplies of factors of production are given and do not 
vary over time. An early trade model with endogenous capital and capital movements 
is provided by Oniki and Uzawa (1965). They examine trade patterns between two 
economies in a Heckscher-Ohlin model with fixed savings rates. Deardorff and 
Hanson (1978) propose a two country trade mode with different saving rates across 
countries. There are some other growth models with international trade (e.g., 
Brecher et al., 2002; Nishimura and Shimomura, 2002; Ono and Shibata, 2005). But 
none of these models with endogenous capital accumulation contain endogenous 
population changes. It should be also remarked that most of trade models with 
endogenous capital in the contemporary literature are either limited to two-country 
or small open economies (for instance, Wong, 1995; Jensen and Wong, 1998; 
Obstfeld and Rogoff, 1998). It is necessary to deal with trades and growth with an 
analytical framework with any number of countries as the world does consist of many 
countries and trades occur among multiple countries. Our model is built for any 
number of countries. 

It is a challenging topic to introduce endogenous population dynamics into 
economic trade growth model. Even to describe dynamics of a world economy with 
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two national economies, it is almost impossible to avoid higher dimensional 
nonlinear dynamic analysis. Analysis of higher dimensional differential equations 
tends to be too complicated with help of computer. This is perhaps a main reason 
that most of economic growth theories omit dynamics of population, even though 
interactions between economic growth and population change have been a 
challenging question in economics even since Malthus published his An Essay on the 
Principle of Population in 1798. This study is to examine dynamic interactions 
between wealth accumulation and population dynamics with endogenous birth rates 
and mortality rates in a multi-country neoclassical growth framework. There are 
many factors, such as changes in gender gap in wages, labor market frictions, and age 
structure (Galor and Weil, 1999; Adsera, 2005; Hock and Weil, 2012). Bosi and 
Seegmuller (2012) study heterogeneity of households in terms of capital 
endowments, mortality, and costs per surviving child. Varvarigos and Zakaria (2013) 
examine interactions between fertility choice and expenditures on health in the 
traditional overlapping-generations framework. Another determinant of population 
change is mortality rate (Robinson and Srinivasan, 1997; Lancia and Prarolo, 2012). 
This study is influenced by these studies.  

Our study is strongly influenced by the literature of the neoclassical growth 
theory and the literature of population growth and economic development. A unique 
contribution of this paper is to model population growth of multiple countries in the 
framework of the Solow growth model with endogenous wealth accumulation and 
gender time distribution between work, leisure and children caring. The paper 
analyzes the link between wealth growth, economic growth, gender division of labor, 
and population growth. The physical capital accumulation is built on the Solow 
growth model. The birth rate and mortality rate dynamics are influenced by the 
Haavelmo population model and the Barro-Becker fertility choice model. We 
synthesize these dynamic mechanisms in a compact framework, applying an 
alternative utility function proposed by Zhang (1993). The model is actually a 
synthesis of ZhangÕs two models. Zhang (1992) develops a model of global growth 
model with capital accumulation and international trade. Zhang (2015) develops a 
growth model with endogenous population with a homogenous household. The 
paper is organized as follows. Section 2 introduces the basic model with wealth 
accumulation and population dynamics. Section 3 simulates the model. Section 4 
carries out comparative dynamic analysis with regard to some parameters. Section 5 
concludes the study. 
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2 TH E BASIC MODEL 
The model is a synthesis of the two models by Zhang (1992, 2015). The 

production aspects are based on the Solow growth model (Solow, 1956). The world 
consists of J  countries. Countries are indexed by ,j  ....,1 Jj =  All the countries 

produce the internationally homogenous capital good. Each national economy has 
one sector, producing a single commodity for consumption and investment. In 
country  j  capital depreciates at a constant exponential rate kjδ  which is 

independent of the manner of use. This assumption follows the traditional Oniki-
Uzawa trade model. Ikeda and Ono (1992) show that most of trade models with 
endogenous capital are structured like Oniki-Uzawa trade model and its various 
extensions with one capital good. Like Zhang (1992), we also follow this traditional 
analytical framework. Households own assets of the economy and distribute their 
incomes to consume and save. The production sectors use capital and labor. 
Exchanges take place in perfectly competitive markets. Factor markets work well; 
factors are inelastically supplied and the available factors are fully utilized at every 
moment. Saving is undertaken only by households, which implies that all earnings of 
firms are distributed in the form of payments to factors of production. We omit the 
possibility of hoarding of output in the form of non-productive inventories held by 
households. We require savings and investment to be equal at any point in time. Let 
prices be measured in terms of the capital good and the price of the capital good be 
unit. We denote wage and interest rates by ( )tw j  and ( ),trj  respectively, in the j th 

country. In the free trade system, the interest rate is identical throughout the world 
economy, i.e., ( ) ( ).trtr j=  

Households own assets of the economy and distribute 

their incomes to consumption, child bearing, and wealth accumulation. The 
population of each gender is homogeneous. We assume that each family consists of 
husband, wife and children. All the families are identical. We use subscripts 1=q  

and 2=q  to stand for man and woman respectively. We use ( )tN j  to stand for the 

population of each gender in country  .j  Country j  has the population, ( ).2 tN j   

We use  ( )qj ,  to index a person of gender q  in country  .j  Let ( )tTjq   and ( )tTjq  

stand for work time and time spent on taking care of children of  ( )qj ,   and ( )tNj  

for country jÕs flow of labor services used in time t  for production. We have ( )tN j  
as follows 
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     ( ) ( ) ( )[ ] ( ) ,,...,1,
1

2211 JjtNtThtThtN
J

j
jjjjjj =+=∑

=

                             (1) 

 

where jqh  is the level of human capital of person  ( )qj , .  

 
The production sector in country j 
The production sector uses capital and labor as inputs. Let ( )tK j  stand for the 

capital stock employed by country  j  at time .t  We take on the following form of the 

production function 
 

     ( ) ( ) ( ) ,1,0,, =+>= jjjjjjj tNtKAtF jj !"!"!"                             (2) 

 
where  ( )tFj  is the output level, and ,, jjA !  and j!  are parameters. Markets 

are competitive; thus labor and capital earn their marginal products. The marginal 
conditions are 

 

     ( )
( )
( )

( )
( )
( )

( ) ( ).,, twhtw
tN
tF

tw
tK
tF

tr jjqjq
j

jj
j

j

jj
kj ===+

βα
δ                  (3) 

 
Consumer behaviors 
We use an alternative approach to household proposed by Zhang (1993). 

Households decide time distribution, consumption level of commodity, number of 
children, and amount of saving. To describe behavior of consumers, we denote per 
family wealth by ( ).tk j  Per family current income from the interest payment and the 

wage payments is 
 

     ( ) ( ) ( ) ( ) ( )[ ] ( ).j22j11 twtThtThtktrty jjjjj ++=                                                                                  

 
We call ( )ty j  the current income in the sense that it comes from consumersÕ 

payment for efforts and consumersÕ current earnings from ownership of wealth. The 
total value of wealth that a family can sell to purchase goods and to save is equal to 

( ).tkj  Here, we assume that selling and buying wealth can be conducted 
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instantaneously without any transaction cost. The disposable income per family is given 
by 

 

     ( ) ( ) ( ).ö tktyty jjj +=                                                                                                   (4) 

 
Let ( )tnj  and ( )tpbj  stand for the birth rate and the cost of birth. According to 

Soares (2005) parents' utility depends not only on their surviving offspring, but also 
on length of each surviving child's lifespan. Following Zhang (2015), we assume that 
children will have the same level of wealth as that of the parent. In addition to the time 
spent on children, the cost of the parent is given by 

 

     ( ) ( ) ( ).tktntp jjbj =                                                                                                         (5) 

 
Here, we neglect other costs such as purchases of goods and services. We 

consider the following relation between fertility rate and the parentÕs time on raising 
children  

 

     ( ) ( ) .0, != jqjjqjq tntT ""                                                                                        (6) 

 
The specified function form implies that if the parents want more children, 

they spend more time on child caring. This linear formation is a strict requirement as 
child caring tends to exhibit increasing return to scale. For instance, the time per child 
tends to fall as the family has more children. Clothes and housing are shared among 
family members. In this stage of modelling we assume constant return to scale because 
this assumption makes the analysis mathematically tractable.  

 
The household distributes the total available budget between saving, ( ),tsj  

consumption of goods, ( ),tcj  and bearing children, ( ).tpbj  The budget constraint is 

 

     ( ) ( ) ( ) ( ) ( ) ( ).ö tytntktstctp jjjjjj =++                                                               (7) 

 
We consider that except work and child caring, parents also have their leisure. 

We denote the leisure time of person ( )qj ,  by ( ).~ tTjq  Each person is faced with the 

following time constraint 
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     ( ) ( ) ( ) ,~
0TtTtTtT jqjqjq =++                                                                                    (8) 

 
where 0T  is the total available time for leisure, work and children caring. 

Substituting (8) into (7) yields 
     

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),~~
22112211 tytwtTtwtTtwtTtwtTtntktstctp jjjjjjjjjjjjj =++++++  

  (9) 
 
where 
 

     ( ) ( )( ) ( ) ( ) ( )( ) .1 021 Ttwtwtktrty jjjj +++≡  

 
The right-hand side is the ÒpotentialÓ income that the family can obtain by 

spending all the available time on work. The left-hand side is the sum of the 
consumption cost, the saving, the opportunity cost of bearing children, and opportunity 
cost of leisure. Insert (6) in (9) 

 

    ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),~~~
2211 tytwtTtwtTtntwtstc jjjjjjjjj =++++                (10) 

 
where 
 

    ( ) ( ) ( ) .,~
2211 jjjjjjjjj hhhtwhtktw !! +"+"    

 
The variable ( )tw j

~  is the opportunity cost of children fostering. We assume 

that the parentsÕ utility is dependent on the number of children. We assume that the 

utility is dependent on ( ),tc j  ( ),tsj  ( ),~ tTjq  and ( )tn j  as follows 

 

     ( ) ( ) ( ) ( ) ( ) ( ),~~ 0020100
21 tntTtTtstctU jjjjj

jjjjjj
υσσλξ=                                                             

 
where 0jξ  is called the propensity to consume, 0j!  the propensity to own wealth, qj0!  

the gender sq'  propensity to use leisure time, and  0j!  the propensity to have children. The 

first-order condition of maximizing ( )tU j  subject to (13) yields 
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     ( ) ( ) ( ) ( ) ( )
( )
( )

( )
( )
( )

,~,
~

,,
tw
ty

tn
tw
ty

tTtytstytc
j

jj
j

jq

jjq
jqjjjjjj

υσ
λξ ====          (11) 

 
where 
 
     

.
1

,,,,
0201000

0000
jjjjj

jjjjjqjjqjjjjjj !""#$
%!%!"%"#%#$%$

++++
&&&&&

 
 
The birth and mortality rates and population dynamics 
According to the definitions, the population change follows  
 

     ( ) ( ) ( )( ) ( ),tNtdtntN jjjj !=!                                                                                 

(12) 
 
where ( )tn j  and ( )td j  are respectively the birth rate and mortality rate. Our 

modelling of birth and mortality rates is influenced by different ideas in the literature of 
economic growth and population change (e.g., Haavelmo, 1954; Razin and Ben-Zion, 
1975; Stutzer, 1980; Yip and Zhang, 1997; Chu et al., 2012; and Tournemaine and 
Luangaram, 2012). Following Zhang (2015), we assume that the mortality rate is 
negatively related to the disposable income in the following way 

 

     ( ) ( )
( )

,
ty

tN
td

j

j

a
j

b
jj

j

!
=                                                                                                              (13) 

 
where ,0!j"  .0≥ja  We call jυ  the mortality rate parameter. As in the Haavelmo 

model, an improvement in living conditions implies that people live longer.  The term ( )tN jb
j  

takes account of possible influences of the population on mortality. For instance, when the 
population is overpopulated, environment is deteriorated.  We may take account of this kind of 
environmental effects by the term. In this case, it is reasonable require jb  to be positive. It 

should be noted that the sign of jb  is generally ambiguous in the sense that the population may 

also have a positive impact on mortality. Insert (10) and (13) in (12) 
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     ( )
( )
( )

( ).~ tN
y

N

tw

ty
tN ja

j

b
jj

j

jj
j j

j

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−=
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The equation describes the population dynamics.  
 
Wealth dynamics 
We now find dynamics of wealth accumulation. According to the definition of ( ),tsj  

the change in the householdÕs wealth is given by 
 

     ( ) ( ) ( ) ( ) ( ).tktytktstk jjjjjj −=−= λ!                                                                          (15) 

 
The value of physical wealth and capital 
The value of global physical capital is equal to the value of global wealth 
 

     ( ) ( ) ( ).
1

tKtNtk
J

j
jj =∑

=

                                                                                                (16) 

 
Global capital being fully employed 
The assumption that the global capital is fully employed implies 
 

     ( ) ( ).
1

tKtK
J

j
j =!

=

                                                                                                          (17) 

 
Demand for and supply of goods 
As the global output is the sum of the net savings and the depreciations of 

capital, we have 
 

     ( ) ( ) ( ) ( ),
11

!!
==

=+"
J

j
j

J

j
jkj tFtKtKtS #                                                               

(18) 
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where ( ) ( ) ( )!+"
j jkj tKtKtS #  is the sum of the net saving and 

depreciation and  
 

     ( ) ( ) ( ) ( ) ( ) ( ).,
11
∑∑
==

==
J

j
jj

J

j
jj tNtctCtNtstS              

 
The trade balances of the economies are given by 
 

     ( ) ( ) ( )( ) ( ).trtKtKtB jjj −=                                                                                    (19) 

 
When ( )tBj  is positive (negative), we say that country j  is in trade surplus 

(deficit). When ( )tBj  is zero, country sj '  trade is in balance.  

 
We have thus built the dynamic model. It can be seen that the model is a 

unification of the neoclassical growth theory, the neoclassical growth model with trade, 
and some ideas in the literature of population dynamics with ZhangÕs approach to the 
household behavior. For instance, the Solow model, the neoclassical one-sector growth 
trade model, and the Haavelmo model can be considered as special cases of our model. 
Moreover, as our model is based on the some well-known mathematical models and 
includes some features which no other single theoretical model explains, we should be 
able to explain some interactions which other formal models fail to explain. We now 
examine dynamics of the model. 

3 THE DYNAMICS AND ITS PROPERTIES 
 
This section examines dynamics of the model. First, we introduce  
 

     ( ) ( )
( )

.
1

1
1 tw

tr
tz k!+

"   

 
We show that the dynamics can be expressed by differential equations with 

( ),1 tz ( ){ }tk j  and ( )( )tN j  as the variables. Here, ( ){ } ( ) ( )( ).,...,2 tktktk Jj !  

 
Lemma 
The dynamics of the economic system is governed by  
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     ( ) ( ) ( ){ } ( )( )( ),,,111 tNtktztz jj!=!  

     ( ) ( ) ( ){ } ( )( )( ) ,,...,2,,,1 JjtNtktztk jjjj =Ω=!                                                                                  

     ( ) ( ) ( ){ } ( )( )( ) .,...,1,,,1 JjtNtktztN jjjj =Λ=!                                           (20)         

 
where ( )tj!  and ( )tj!  are functions of ( ),1 tz ( )( )tkj  and ( )( )tN j  defined in 

the Appendix. Moreover, all the other variables are determined as functions of  ( ),1 tz
( )( )tkj  and ( )( ):tN j  ( )tr  and ( )twjq   by (A2)  ! ( )tk1  by (A13)  !  ( )tN j   by (A7)  !  

( )ty j  by (A3) !  ( ),tcj  ( ),tsj  ( ),~
tTjq  and ( )tnj  by (11) ! ( )tTjq  by (6) ! ( )tTjq  by 

(A6) ! ( )tK  by (A7) ! ( )tFj  by (2).  

 
The differential equations system (20) has J2  variables. As demonstrated in 

the Appendix, the expressions are complicated. It is difficult to explicitly interpret 
economic implications of the equations. We simulate the model to illustrate behavior 
of the system. We specify the parameters as follows 
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   (21) 
 
For the same gender, country 1Õs human capital is higher than country  2Õs 

and country 2Õs human capital is higher than country  3Õs. The total productivity 
factors vary between countries. It should be remarked that although the specified 
values are not based on empirical observations, the choice does not seem to be 
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unrealistic. In many studies (for instance, Miles and Scott, 2005, Abel et al, 2007) the 
value of !  in the Cobb-Douglas production function is approximately .3.0  The 

relative propensities are listed as follows 
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Country 1Õs propensity to have children is lower than country  2Õs and 

country 2Õs propensity to have children is lower than country  3Õs. Both man and 
woman of country 3 have the highest propensities to stay at home. Country 1 has 
the highest propensity to save. The father has lower propensity to pursue leisure than 
the mother. In regard to the preference parameters, what are important in our study are 
their relative values. To follow the motion of the system, we specify the initial 
conditions 

 

( ) ( ) ( ) ( ) ( ) ( ) .229000,399000,912000,100,340,38.00 321321 ====== NNNkkz
 

The simulation result is plotted in Figure 1. The population grows from its 
low initial condition. As the population rate rises, the mortality rate is also increasing. 
The labor force is increased and the wage rates are reduced. The falling wage rates 
reduce the opportunity cost of children fostering, resulting in the rise of birth rate. 
The rising in birth rate is associated with rising in both manÕs and womanÕs time of 
children fostering. As the income falls, both men and women work longer hours. 
Their leisure hours are reduced. The national wealth and output are increased in 
association with rising labor force. Nevertheless, both consumption level and wealth 
per household are reduced. Some studies confirm that there is a decline of the 
fertility rate alone the process of economic development (e.g., Kirk, 1996; Ehrlich 
and Lui 1997; Galor, 2012). From Figure 1 we can see that relations between 
consumption and birth rates vary for different groups in different stages of economic 
growth.  


